Standing spin wave mode frequencies and linewidths in partially disordered perpendicularly magnetized arrays of sub-micron Permalloy discs are measured using vector network analyzer ferromagnetic resonance. Fitted demagnetizing parameters decrease with increasing array disorder. Frequency separation between first and second radial modes is found to be higher than theoretical predictions for isolated discs. The relative frequencies between successive spin wave modes are unaffected by changes to the long-range array ordering. An increase in standing spin wave broadening at low applied magnetic fields that has a magnitude which is correlated to array disorder is observed. The fitted intrinsic damping parameter is found to increase with increasing array disorder.
I. INTRODUCTION
Understanding the high-frequency dynamics of submicron diameter, nanometer thickness magnetic discs is important for applications in data storage [1] [2] [3] [4] [5] and spintronics 6, 7 technologies. There have been a number of recent studies concerned with spin wave mode structure [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and linewidths [19] [20] [21] [22] [23] in the in-plane magnetized configuration for such dipole coupled arrays. There have also been experimental studies conducted for disc arrays in the perpendicularly magnetized state, with characterization achieved by cavity ferromagnetic resonance 24, 25 (cavity FMR) and magnetic resonance force microscopy 26 (MRFM). The mode structure in the perpendicularly magnetized geometry can be modelled more easily than in the tangentially magnetized case, because of the cylindrical symmetry of the disc in the axial direction.
In the cited studies of perpendicularly magnetized arrays the measured spin wave spectra matched well with theoretical predictions, but due to the experimental techniques used this comparison could only take place over limited frequency ranges. In addition, only in one of the studies was there an investigation into the effect of array packing on the FMR mode structure. In Ref. 24 , variation of the pitch along one direction of the square array was found to affect the absolute field positions of the peaks in the spectrum, but not the relative field positions of individual peaks. Additionally, none of the studies cited deal with the effect of array packing density on the FMR linewidth in the perpendicularly magnetized geometry.
In this study, Vector Network Analyzer FMR (VNA-FMR) was used to study the perpendicularly magnetized spin wave mode structure and linewidth of a series of four a) Electronic mail: rossn2282@gmail.com b) Electronic mail: kostylev@cyllene.uwa.edu.au disc array samples with varying degrees of array ordering, over a wide range of excitation frequencies. These arrays have been previously studied in the tangentially magnetized state, and details of their production and characterization can be found in Ref. 22 . Each of the four array samples consisted of a locally trigonal array of Permalloy discs, with each array distinguished from the others by a different degree of long-range ordering. The long-range ordering was quantified with a parameter φ ′ , the average amount of variation in the lattice angle in degrees per millimeter.
II. EXPERIMENT
f3c --8.49 f3b 695 ± 28 6.0 ± 0.8 -f3a 703 ± 37 9.4 ± 1. The structural characteristics of each of the samples are listed in Table I . Samples f3c, f2c, and f1c were continuous film sections cut from the parent film from which f3a and f3b, f2a, and f1a, respectively, were patterned. The samples were placed face-down on an 8 mil microstrip waveguide connected to a two-port vector network analyzer and magnetized out-of-plane with respect to the substrate. The VNA-FMR measurement was performed at frequencies between 6 and 17 GHz, in intervals of one GHz. The microwave transmission parameter S 21 was measured as the applied magnetic field was swept through the experimentally available range, in analogy to the cavity FMR experiment. Negligible reflections allowed S 11 to be ignored. 27 An example of the spin wave spectra obtained is shown in Figure 1 . This spectrum of modes is in qualitative agreement with those measured previously, [24] [25] [26] and as will be seen in the next section arises directly from the cylindrical symmetry of the discs in the axially magnetized configuration.
Previous investigation of these array samples 22 showed no evidence of significant material or structural differences between the four samples. Specifically, atomic force microscopy images showed that all four samples had smooth disc boundaries, and there was no significant evidence in the SQuID-measured in-plane hysteresis loops of structures which do not support compensated magnetic vortices at remanence. With the exception of small differences in saturation magnetizations M S and parent film linewidths ∆H, the only parameter known to vary significantly between the arrays was the degree of array ordering, φ ′ .
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III. THEORY OF MODE STRUCTURE IN PERPENDICULARLY MAGNETIZED DISCS
The theory for FMR modes in isolated, perpendicularly magnetized discs presented here was first applied to sub-micron discs in Ref. 24 , and is based on the dipoleexchange theory of spin wave spectra in unrestricted inplane magnetic films 28, 29 and a method of the calculation of demagnetising fields in nonellipsoidal bodies.
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This model does not take into account the interaction between elements in a closely packed array and therefore does not take into account the effects of disorder in that array. Such effects are expected to manifest in experiment as deviations from the predictions made with this model. In this theory, the finite radius R of the disc is considered to allow only discrete values of the in-plane wave vector: k → k m , m = 1, 2, 3.... The nonellipsoidal geometry of the disc means that the demagnetising field inside the dot is inhomogeneous, with the internal bias field becoming a function of the disc radius ρ. The strong dipolar pinning at the disc edges produces dipolar eigenmodes with zeroth-order Bessel function profiles:
The standing mode profiles of the first five modes of such a disc gemoetry are shown in Figure 2 . These profiles have been confirmed experimentally by Mewes et al. in square arrays of sub-micron diameter discs using MRFM. 26 These modes profiles correspond in principle to the peaks in Figure 1 , with the largest amplitude, highest-field peak the m = 1 mode. Assuming that there is no significant out-of-plane film anisotropy, the frequencies of these modes are:
for γ the gyromagnetic ratio; H the applied magnetic field; M S the saturation magnetization; A the exchange stiffness constant; and L the disc thickness. N m is determined as in Ref. 31 :
with:
and the radius-dependent demagnetising factor averaged over the thickness:
This term converges when integrated up to a sufficiently large value of t. In the case of the calculations to follow, t = 10 7 was used.
IV. RESULTS
A. FMR mode structure
The range of applied magnetic fields available for the field sweep was defined at its lower end by the minimum field expected to be necessary to saturate the magnetization of the discs out of the substrate film plane, H ≃ 4πM S , and at its upper end by the maximum field attainable with the available electromagnet, H = 14 kOe. A representative plot of the resonance frequencies f of the first five radial modes against the resonance field H res in this field range is shown in Figure 3 . Points missing from the plots have been excluded because the associated peaks were too small or too broad for the centre frequency to be determined. The solid lines are the fits for the data to Equation 2, having left N m as the free fitting parameter in each case. 9000 10 000 11 000 12 000 13 000 14 000 The fitted values of N m are shown in Figure 4 , plotted against φ ′ , the parameter characterizing the array ordering. The values are tabulated in Table II , along with the values of N m calculated for a theoretical isolated 'disc', 700 nm diameter, 27 nm thickness. The uncertainties in the N m values were calculated by propagating the uncertainties in the disc radius R and thickness L through
9.51 9.40 9.35 9.33 9.31 f3b 9.67 ± 0.05 9.44 ± 0.08 9.38 ± 0.10 9.37 ± 0.12 9.39 ± 0.15 f3a 9.69 ± 0.08 9.43 ± 0.14 9.37 ± 0.18 9.32 ± 0.21 9.37 ± 0.23 f2a 9.65 ± 0.04 9.38 ± 0.08 9.32 ± 0.10 9.28 ± 0.12 9.34 ± 0.14 f1a 9.49 ± 0.04 9.21 ± 0.08 9.12 ± 0.10 9.08 ± 0.12 9.07 ± 0.14 the fit. These uncertainties likely represent slight overestimates, as much of the uncertainty in the film thickness was the result of finite measurement precision, rather than film-to-film thickness variation. The curiosity that N m values for f1a appear to be smaller than for the isolated 'disc' can be explained by postulating a small systematic underestimate of all three M S values, associated with calibration of the applied magnetic field strength. The 'real' N m values are probably consistently slightly higher than those quoted in the table, but relative values are unaffected.
There was a slight decrease in demagnetising parameter N m with increasing array disorder. In the absence of unknown structural differences between arrays, this might be attributable to a reduction in average dipole coupling strength due to lowered symmetry and/or a slight reduction in neighbour denisty associated with increased array disorder. While changes to N m across the range of φ ′ available were small enough to be comparable to the uncertainties, N m values for an isolated disc differ from the value N = 1 for a continuous film by less than 0.07, as can be seen in Table II . The change in N m with reduced array ordering cannot be expected be higher than this difference value. That the change was almost half this value for a given mode is actually an indication that the loss of ordering actually causes dramatic relative changes in the demagnetising fields of the array.
In addition to changes with φ ′ , there was a dramatic difference in demagnetising factors between those extracted from fits to experimental data and those calculated for an isolated disc. Displayed across the φ ′ range of all four samples was the phenomenon that the difference between N 1 and the higher order demanetising factors N 2,3,4,5 was larger than for the isolated disc. That is, the first radial mode appeared to possess a demagnetising field that was significantly more like that of a continuous film in character than the higher order modes.
This departure from the theory for an isolated disc may give useful information about the character of the dipole coupling in the arrays. The structural uniformity of the discs means that all but very small differences in edge character can be ruled out as causes of this effect. All of the radial modes are assumed to be the result of the same out-of-plane static magnetization configuration, effectively ruling out static dipole effects as the cause of this difference in demagnetising factors. On the other hand, the dynamic dipole field of the first radial mode can be expected to be stronger than for the other modes, since it alone has no nodes across the diameter of the disc. The difference between N 1 and N 2,3,4,5 might therefore be interpreted as being contributed to by dynamic dipole coupling between elements of the array.
'disc' 1.59 1.42 1.42 1.48 f3b 1.93 ± 0.09 1.44 ± 0.06 1.36 ± 0.05 1.40 ± 0.08 f3a 2.00 ± 0.17 1.44 ± 0.09 1.49 ± 0.09 1.39 ± 0.07 f2a 2.01 ± 0.09 1.44 ± 0.06 1.47 ± 0.06 1.26 ± 0.04 f1a 2.03 ± 0.09 1.55 ± 0.06 1.47 ± 0.06 1.46 ± 0.05 TABLE III. Table of average frequency differences in GHz between fits to Equation 2 of successive modes, on the field interval [10000-12000] Oe for a disc of 700 nm diameter, 27 nm thickness (denoted 'disc'), with saturation magnetization MS and spectroscopic splitting factor g identical to film f3c, and for disc array samples f3b, f3a, f2a, and f1a.
The large accessible frequency range afforded by VNA-FMR meant that the frequency difference between successive modes could be measured over a wide range of resonance fields. The frequency difference between modes was calculated by averaging the frequency separation between fits to the data for successive modes over a field interval [H min , H max ]:
Rather than calculation of the frequency difference between the experimentally measured data themselves, this approach was adopted because the different resonance fields H res of successive modes were not the same due to the particular manner in which the VNA-FMR experiment was accomplished. The frequency differences between successive experimentally measured modes are tabulated in Table III alongside the same for the theoretical isolated 'disc'. The frequency difference for the first two modes, f 2 − f 1 , is larger in all cases than for the theoretical, isolated 'disc'. This is consistent with the difference in fitted first and higher order radial mode demagnetising factors already mentioned. In the absence of undetected disc geometry differences between array samples, it might likewise be interpreted as a manifestation of dynamic dipole coupling of first radial modes in the arrays.
This phenomenon was observable because of the large range of excitation frequencies and magnetic fields over which a resonance could be observed in this study, a consequence of the samples being large enough to be measured using VNA-FMR. Kakazei et al. observed no such frequency difference in their study of nickel discs in a square array, 24 perhaps as a result of either the lack of frequency range experimentally available in their cavity FMR study or due to the reduced magnetization of nickel and its consequent lower coupling strength. The difference in local symmetry between the square and trigonal arrays may also have contributed to this discrepancy. However, the results of the study presented here were in accord with this previous study's findings with regard to there being a change in frequencies of all modes, but no observable change in the relative frequencies between those modes with reduction in array density. Within the limits of experimental uncertainty, increasing φ ′ changed the absolute frequencies of all modes, but not the relative frequencies between modes.
B. FMR linewidth
The very small amplitudes of modes beyond the second radial mode and the small magnetic background signal precluded the extraction of meaningful linewidths from these modes. Given that the previously detailed measurements of mode structure revealed the second and higher order modes behaving similarly, this limited data set is likely representative of the behavior of all the modes. Plots of the field linewidths ∆H extracted from Lorentzian fits to the first two radial modes of all four samples are shown in Figure 5 , alongside the linewidth data from the corresponding parent continuous films. In previous studies of spin wave mode broadening in thin films 32 and patterned structures, 20,22 the effects of intrinsic and extrinsic damping have been separated by fitting the data with the equation:
where α is the intrinsic damping parameter in the Landau-Lifshitz-Gilbert equation, 33,34 the 'viscous' damping of energy to the lattice, 35 and ∆H 0 is a term representing inhomogeneous broadening. However, ∆H does not increase with frequency in the affine fashion expected from Equation 7 , even in the case of the parent continuous films. Instead, at low frequency values the linewidths are very broad, decreasing to some minimum, then increasing with increasing frequency in an approximately linear fashion from some onset frequency, f cut−off , or equivalently from the resonance field at this frequency.
It can be seen from Figure 5 that the broadening of the linewidth below the cut-off frequency or field is more extreme for the second radial mode than for the first, and that the broadening is more extreme for more disordered films. Given that the perpendicular magnetized state is an unstable equilibrium, it can be conjectured that this phenomenon may be related to static dipole coupling between elements. Close to the field required to saturate the discs perpendicularly, disorder might be expected to change the local out-of-plane demagnetizing field, leading to a spreading of magnetization directions and resonance frequencies across the array. Arrays with more disorder could be expected to experience a greater range of local resonance fields, and thus exhibit a greater linewidth broadening due to this effect. The similarity of the individual discs between arrays already mentioned makes it unlikely that the linewidth differences observed were due to local effects, such as disc edge roughness.
The data in Figure 5 were fit with Equation 7 , but only after all data points below the apparent frequency of onset of linearity f cut−off were removed. The fit parameters for the parent continuous films, and for the first and second radial modes are tabulated in Tables IV, V and VI, respectively. The data is presented in three separate tables to highlight that the differing mode structures may preclude useful direct comparison of fit values between modes, or between parent and patterned films. There was an apparent increase in the fitted intrinsic damping parameter α m in the first and second radial modes with respect to the fundamental mode of the parent continuous films. Plots of intrinsic damping parameter α against array ordering parameter φ ′ are shown in Figure  6 for both the first and second modes. For the same arrays magnetized in the plane of the substrate, the intrinsic damping parameter α extracted from Equation 7 has been observed to be slightly higher for patterned films than for unpatterned films, but uncorrelated to array ordering. 22 It is not clear whether the assumption that the inhomogeneous damping ∆H 0 is independent of field and frequency holds in such patterned systems, that is, it is not clear that Equation 7 holds. If it does not, then the fitted value of α and the real value of the intrinsic damping parameter may be different. Furthermore, it must be acknowledged that the uncertainties accompanying the linear increases in Figure 6 are large, especially for the second radial mode. The value of α in the patterned films appears to be unrelated to the value from the parent continuous films, perhaps because of the differing mode structures. However, no convincing explanation as to why α should increase with increasing array disorder can be conjectured at this time. 
V. CONCLUSIONS
The standing spin wave mode structure and linewidth broadening in a series of trigonal sub-micron diameter disc arrays in the perpendicularly magnetized state was investigated using vector network analyzer ferromagnetic resonance. Comparison to theory of measurements over a wide range of frequencies allowed deviations of the mode structure from that of an isolated disc to be identified. These deviations revealed the importance of array ordering to the absolute size of the demagnetizing factors. Deviations from expected frequency differences between modes suggested that the standing spin wave modes were influenced by dynamic dipole coupling between discs.
The relative values of demagnetizing fields for successive modes were essentially unaffected by changes to the array symmetry, and the relative mode structure was consequently unaffected by increasing disorder in the the arrays.
Anomalously large linewidth broadenings were observed close to the out-of-plane demagnetizing fields of the arrays, and conjectured to be caused by differing local magnetization directions due to dipole coupling between disordered discs. At sufficiently high applied fields, the linewidth increased linearly with excitation frequency, with a gradient that increased with increasing array disorder. The physical origins of these changes to the as-fitted intrinsic damping parameter in both this perpendicularly magnetized geometry and those already reported for the tangentially magnetized geometry 22 remain unknown. It is thus unclear whether these phenomena are related.
There appears to be a common conclusion from the ferromagnetic resonance studies of the close-packed trigonal disc arrays in both magnetization geometries: that linewidth is affected by the lack of preservation of the long-range symmetry of the array, but resonance frequency is not. Since it is known that increasing the diameter-to-pitch ratio of a square array of discs affects the in-plane magnetized resonance field, 8 this in turn suggests that the changes in ferromagnetic linewidth resonance observed in this study were the product of changes in the array symmetry itself, rather than of the slightly lower packing fractions that come as a consequence of that reduction in symmetry.
